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Abstract. We consider a periodic magnetic Schrodinger operator on a 
noncompact Riemannian manifold AI such that H^{AI,'M.) — endowed 
with a properly discontinuous cocompact isometric action of a discrete 
group. We assume that there is no electric field and that the magnetic 
field has a periodic set of compact magnetic wells. We review a general 
scheme of a proof of existence of an arbitrary large number of gaps in 
the spectrum of such an operator in the semiclassical limit, which was 
suggested in our previous paper, and some applications of this scheme. 
Then we apply these methods to establish similar results in the case 
when the wells have regular hypersurface pieces. 



Introduction 

Let M be a noncompact oriented manifold of dimension n > 2 equipped 
with a properly discontinuous action of a finitely generated, discrete group 
r such that M/T is compact. Suppose that H^{M,U.) = 0, i.e. any closed 
1-form on M is exact. Let g he a F-invariant Riemannian metric and B a 
real-valued F-invariant closed 2-form on M. Assume that B is exact and 
choose a real- valued 1-form A on M such that dA = B. 

Thus, one has a natural mapping 

u ^ ihdu + Am 

from C^{M) to the space riJ(M) of smooth, compactly supported one- 
forms on M. The Riemannian metric allows to define scalar products in 
these spaces and consider the adjoint operator 

(ihd + A)* : nl{M) C^{M). 

A Schrodinger operator with magnetic potential A is defined by the formula 

H^' = {ihd + Ay{ihd + A). 

Here > is a semiclassical parameter, which is assumed to be small. 



Key words and phrases, magnetic Schrodinger operator; magnetic well; spectral gaps; 
Riemannian manifolds; semiclassical limit; quasimodes. 

B.If. was partially supported by the ESF programme SPECT. Y.K. was partially sup- 
ported by the Russian Foundation of Basic Research (grant 06-01-00208). 

1 



2 B. HELFFER AND Y. A. KORDYUKOV 

Choose local coordinates X = {Xi, . . . ,Xn) on M. Write the 1-form A 
in the local coordinates as 

n 

^ = T.MX^dXj, 
the matrix of the Riemannian metric g as 

and its inverse as 

Denote = det(^(X)). Then the magnetic field B is given by the 

following formula 

dAk dAj 



B = ^ Bjk dXj A dXk, Bjk 



dXj dXk 



Moreover, the operator has the form 



d 



VWX)W\X) ^ih^^+A,{X) 

For any x G M, denote by B(x) the anti-symmetric linear operator on 
the tangent space T^M associated with the 2-form B: 

gx{B{x)u, v) = Br^{u, v), u,v e T^M. 

Recall that the intensity of the magnetic field is defined as 

Tr+(B(x)) = ^^■(^) = \^i[B*{x) ■ B{x)f/^). 

i\j{x)ecT(B{x)) 

It turns out that in many problems the function x ^ h ■ Tr^{B(x)) can be 
considered as a magnetic potential, that is, as a magnetic analogue of the 
electric potential F in a Schrodinger operator —h^A + V. 
We will also use the trace norm of B{x): 

\B{x)\ = [Tr{B*{x)- B{x))]^/^. 

It coincides with the norm of B(x) with respect to the Riemannian metric 
on the space of linear operators on T^M induced by the Riemannian metric 
g on M. 

In this paper we will always assume that the magnetic field has a periodic 
set of compact potential wells. More precisely, put 

60 = min{Tr+(5(x)) : x e M} 



PERIODIC SCHRODINGER OPERATORS WITH HYPERSURFACE WELLS 3 



and assume that there exist a (connected) fundamental domain T and a 
constant eo > such that 

(1) Tr+(5(a;)) > 6o + eo, x^dT. 

For any ei < eo, put 

U,^={x^T : Tr+(5(x)) < 6o + ei}- 

Thus t/^i is an open subset of T such that C/g^ ^dT = and, for ei < eo, U^^ 
is compact and included in the interior of J-. Any connected component of 
C/fi with ei < eo and also any its translation under the action of an element of 
r can be understood as a magnetic well. These magnetic wells are separated 
by potential barriers, which are getting higher and higher when /i ^ (in 
the semiclassical limit). 

For any linear operator T in a Hilbert space, we will denote by cr(T) its 
spectrum. By a gap in the spectrum of a self-adjoint operator T we will 
mean any connected component of the complement of ct(T) in M, that is, 
any maximal interval (a, b) such that 

{a,b)r\a{T) = 0. 

The problem of existence of gaps in the spectra of second order periodic 
differential operators has been extensively studied recently. Some related 
results on spectral gaps for periodic magnetic Schrodinger operators can be 
found for example in PElElIliaElElElElIinillllliain] (see also the 
references therein). 

In this paper, we consider the magnetic Schrodinger operator as an 
unbounded self-adjoint operator in the Hilbert space L'^{M) and will study 
gaps in the spectrum of this operator, which are located below the top of 
potential barriers, that is, on the interval [0,h{bo + eo)]. In this case, the 
important role is played by the tunneling effect, that is, by the possibility 
for the quantum particle described by the Hamiltonian with such an 
energy to pass through a potential barrier. Using the semiclassical analysis 
of the tunneling effect, we showed in [2j that the spectrum of the magnetic 
Schrodinger operator on the interval is localized in an exponentially 
small neighborhood of the spectrum of its Dirichlet realization inside the 
wells. This result reduces the investigation of gaps in the spectrum of the 
operator to the study of the eigenvalue distribution for a "one-well" 
operator and leads us to suggest a general scheme of a proof of existence 
of spectral gaps in [3]. We review this scheme and some of its applications 
in Section [TJ Then, in Section [21 we will apply these methods to prove 
the existence of an arbitrary large number of gaps in the spectrum of the 
operator H^, as /i — > 0, under the assumption that 6o = and the zero set 
of B has regular codimension one pieces. 
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1. QUASIMODES AND SPECTRAL GAPS 

In this section, we review a general scheme of a proof of existence of gaps 
in the spectrum of the magnetic Schrodinger operator on the interval 
[0, h{bo + eo)] and some of its applications obtained in [3]. 

1.1. A general scheme. For any domain W in M, denote by H^r the 
unbounded self-adjoint operator in the Hilbert space L'^{W) defined by the 
operator in W with the Dirichlet boundary conditions. The operator 

is generated by the quadratic form 

ni-^g(y[n]:= / \{ih d + A)u\'^ dx 
Jw 

with the domain 

Dom(g(V) = {u€ L^{W) : {ihd + A)u G L^n\W),u\9w = 0}, 

where L'^Q^{W) denotes the Hilbert space of differential 1-forms on W, 
dx is the Riemannian volume form on M. 

Assume now that the operator H'^ satisfies the condition ([T]). Fix ei > 
and 62 > such that ei < 62 < eo, and consider the operator associated 
with the domain D = {7^2 • The operator has discrete spectrum. 

The following result is a slight generalization of Theorem 2.1 in '0\, which 
is concerned with the case when Nh is independent of h. It permits to get 
a more precise information on the number of gaps as h ^ 0. 

Theorem 1.1. Suppose that there exist ho > 0, c> 0, M > 1 and that, for 
h G (0, Hq], there exists and a subset fiQ < fi^ < . . . < jJ^^ of an interval 
I{h) C [0, h{bo + ei)) such that 

dist(^[j, dl{h)) > ch^\ dist{n%^ , dl{h)) > ch^\ 

and, for each j = 0, 1, . . . ,Nh, there exists some non trivial G C^{D) 
such that 

\\HjjVj - iijVj\\<-h \\Vj\\. 

Then there exists hi G (0, ho] such that the spectrum of on the interval 
I{h) has at least gaps for h G (0, /ii). 

1.2. A generic situation. As a first application of Theorem I l.H we show 
in [3] that the spectrum of the Schrodinger operator H^, satisfying the 
assumption ([1]), always has gaps (moreover, an arbitrarily large number of 
gaps) on the interval [0, h(bo + eo)] in the semiclassical limit h ^ 0. Under 
some additional generic assumption, this result was obtained in [2]. Indeed, 
slightly modifying the arguments of [3] , one can show the following theorem. 

Theorem 1.2. Under the assumption ([1]), for any interval [a,/3] C [bQ,bo + 
eo] and for any natural N, there exists ho > such that, for any h G (0, /lo], 
the spectrum of in the interval [ha,h/3] has at least N gaps. 
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The proof of this theorem can be given by a straightforward repetition of 
the proof of Theorem 3.1 in [3j with the only difference — one should choose 
/io < /Ui < • • • < /^Af in the interval (a, /?) instead of (60, bo + eo). 

Indeed, using Theorem 11.11 with A'^^ dependent on h and a continuous 
family of quasimodes constructed in the proof of Proposition 2.3 in [2], we 
can get an estimate for the number of gaps in the constant rank case. Denote 
by [a] the integer part of a (the largest integer n satisfying n < a). 

Theorem 1.3. Under the assumption (JI]), suppose that the rank 0/ B is 
constant in an open set U C M . Then, for any interval [a,f5] cTi+B(U), 
there exists /iq > and C > such that, for any h € (0, ho], the spectrum 
of in the interval [ha,h(3] has at least [Ch~^^^] gaps. 

1.3. The case of discrete wells. A more precise information on loca- 
tion and asymptotic behavior of gaps in the spectrum of the magnetic 
Schrodinger operator H'^, satisfying the assumption ([T]), can be obtained, if 
we impose additional hypotheses on the bottoms of magnetic wells. In this 
section, we consider a case when the bottom of the magnetic well contains 
zero-dimensional components, that is, isolated points, and, moreover, the 
magnetic field behaves regularly near these points. More precisely, we will 
assume that bo = and that there is at least one zero xo of B such that, for 
some integer A; > 0, there exists a positive constant C such that for all x in 
some neighborhood of xo the estimate holds: 

(2) C~^d{x,xo)'' < \B{x)\ < Cd{x,xof 

(here d{x,y) denotes the geodesic distance between x and y). In this case, 
the important role is played by a differential operator K^^ in W^, which 
is in some sense an approximation to the operator near xq. Recall its 
definition (see |14j). 

Let Xo be a zero of B. Choose local coordinates / : U{xo) on 
M, defined in a sufficiently small neighborhood U{xo) of xq. Suppose that 
f{xo) = 0, and the image f{U{xo)) is a ball 5(0, r) in M" centered at the 
origin. 

Write the 2-form B in the local coordinates as 
B(X)= bem{X)dXeAdXrr,, X = (Xi, . . . , X„) G 5(0, r). 

l<£<r?i<ri 

Let B'' be the closed 2-form in M" with polynomial components defined by 
the formula 

B°W= E E^^(^)dx,Adx^, xeR-. 

l<e<m<n \a\=k 

One can find a 1-form A*^ on M" with polynomial components such that 

dA^{X) = B\X), X G M'^. 
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Let -fC^g be a self-adjoint differential operator in L^(M") with polynomial 
coefficients given by the formula 

k!^^ = + A°)*(i/id + A°), 

where the adjoints are taken with respect to the Hilbert structure in L^(IR") 
given by the flat Riemannian metric {gem{0)) in R". If A*^ is written as 

A° = A;dXi + ... + ^° dXn, 

then K^^ is given by the formula 

l<£,m<n 

The operators K^^ have discrete spectrum (cf, for instance, [HKI^). Using 
the simple dilation X h^+'^X, one can show that the operator K^^ is 

2fc+2 2k+2 , 

unitarily equivalent to h ^+2 K^,^. Thus, h K^^ has discrete spectrum, 
independent of h. 

Theorem 1.4 ([3]). Suppose that the operator satisfies the condition 
([T|) with some cq > and that there exists a zero xq of B, satisfying the 
assumption ([2]) for some integer k > 0. Denote by Xi < X2 < X3 < ■ ■ ■ 
the eigenvalues of the operator K^^ (not taking into account multiplicities). 
Then, for any natural N and any C > Aat+i, there exists ho > such that 

, 2k+2 

the spectrum of H in the interval [0, Ch ^=+2 ] has at least N gaps for any 
he (0,/io). 



2. Hypersurface wells 

In this section, we consider the case when bo = and the zero set of the 
magnetic field has regular codimension one pieces. More precisely, suppose 
that there exists xq £ M such that B(xo) = and in a neighborhood U of 
Xq the zero set of B is a smooth oriented hypersurface S, and, moreover, 
there are constants k £ N and C > such that for all x G U we have: 

(3) C~^d{x, S)'' < \B{x)\ < Cd{x, S)'' . 

On compact manifolds, this model was introduced for the first time by 
Montgomery [17j and was further studied in [1 ^ [TH | [T ^ . 
Let 

ujQ.o = i*s-^ 

be the closed one form on S induced by A, where is is the embedding of S 
to M. 

Denote by N the external unit normal vector to S and by N an arbitrary 
extension of to a smooth vector field on U. 
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Let ujQ^i be the smooth one form on S defined, for any vector field V on 
S, by the formula 

(y,^o,i)(y) = ;^^'(B(iV,y))(y), yGS, 

where is a C°° extension of V to U. By (l3|) , it is easy to see that a;o,i (a;) 7^ 
for any x £ S. Denote 

^^mm{B) = inf 1^0,1 (x) I > 0. 

For any a G M and /? G M, /3 7^ 0, consider the self-adjoint second order 
differential operator in given by 

In the context of magnetic bottles, this family of operators (for k = 1) 
first appears in [17] (see also [14]). Denote by Xo{a,f3) the bottom of the 
spectrum of the operator Q{a,(3). 

Let us recall some properties of Ao(a, which were established in [TTt 
[T4t I18j. First of all, remark that \o{a,(3) is a continuous function of a G ffi 
and /3 G M \ {0}. One can see by scaling that, for /3 > 0, 

(4) Ao(a,/?) = /5feT2Ao(^"'^a, 1) . 

A further discussion depends on k odd or k even. 

When k is odd, Ao(a, 1) tends to +00 as a — > —00 by monotonicity. For 

1 

analyzing its behavior as a — > +00, it is suitable to do a dilation t = a^+i s, 
which leads to the analysis of 

/ j2 / k+l ^ 2N 

2 / T 2 " I ^ 



" (-"5? ^[—i-' 

with h = a"*-'^'^'^^/^'^"*"^^ small. Semi-classical analysis is relevant, and it is 
easy to show, using harmonic approximation, that 

2k k 

Ao(a, 1) ~ (fc + l)fc+iQfc+i , as a — > -|-oo . 

In particular, we see that Ao(a, 1) tends to -|-cxd. 

When k is even, we have Ao(a, 1) = Ao(— a, 1), and, therefore, it is suffi- 
cient to consider the case a > 0. As a ^ +00, semi-classical analysis again 
shows that Ao(a, 1) tends to -|-oo. 

So in both cases, it is clear that the continuous function Ao(a, 1) is lower 
semi-bounded: 

:= inf Ao(a, 1) > —00, 
and there exists (at least one) amin G ^ such that Ao(a, 1) is minimal: 

Ao(amin, 1) = i'- 
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For k odd, one can show that the minimum amin is strictly positive. One 
can indeed compute the derivative of Ao(a, 1) at a = and find that 

^,0,1X0. 

In the case A; = 1, it has been shown that this minimum is unique (see |18J). 
Numerical computations show (see [mUl]) that, in this case, z> = 0.5698. 

Theorem 2.1. For any a and b such that 

VUJu,\n{B)T^ <a<b 

and for any natural N, there exists /iq > such that, for any h £ {0,hQ], 
the spectrum of in the interval 



2fc+2 2fc+2 

[h a, h b] 



has at least N gaps. 



Proof. Let go be the Riemannian metric on 5 induced by g. Without loss 
of generality, we can assume that U coincides with an open tubular neigh- 
borhood of S and choose a diffeomorphism 

where / is an open interval (— eo,eo) with eq > small enough, such that 
|{0}xS = id and 

(0*5 -5o) |{o}x5 = 0, 
where go is a Riemannian metric on / x 5" given by 

go = dt^ +go. 

By adding to A the exact one form d(j)., where (j) is the function satisfying 

N{x)(t){x) = - {N, A) (x) , xe U, 
4){x) =0, X G S, 

we may assume that 

(iV,A)(x) = 0, xeU. 

As above, denote by -ffj^ the unbounded self-adjoint operator in L'^{D) 
given by the operator in the domain D = U with the Dirichlet boundary 
conditions. 

For any t S M, let Pg (^ujQfl + -^^^^^^'-^0,1) be a formally self-adjoint 

go) 



operator in L'^{S,dxgQ) defined by 



X [ihd + ^0,0 + ^r^^'^'^^'^o,! 
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Consider the self-adjoint operator H^''^ in L^(M x S,dtdxgfj) defined by 
the formula 

with the Dirichlet boundary conditions. By Theorem 2.7 of |14], the operator 
jjh,o j-^g^g (jigcrgte spectrum. Moreover, it can be seen from the proof of 
this theorem that if \^{h) is an approximate eigenvalue of H^'^ with the 
corresponding approximate eigenfunction G C^(M x S) such that 

AO(/i) < i^/i(2fc+2)/(fc+2) 

and 

then X^{h) is an approximate eigenvalue of H'^ with the corresponding ap- 
proximate eigenfunction = {@~^)*w^ G C^{U): 

\\{H^ - X'{h))v^\\ < C/l(2'=+3)/(fc+2)||^h||^ 

So it remains to construct approximate eigenvalues of H^'^. 

Lemma 2.1. For any A > uuj^ij^ (5)2/(*--+2), there exists <^ G C^(R x S) 
such that 

, „ 2k+2 6fc+8 

\\{H^'^ - A/iW)$|| < C/i3{^||$||. 

Proof. Take xi G S such that |u;o,i(2;i)| = uJuim{B). Consider ai G M such 
that Ao(ai,l) = Aa;mm(-B)"2/(^"+2) > p_ ^ ^ ^2(^]^) ^ normalized 
eigenfunction of Q{ai, 1), corresponding to Ao(ai, 1): 



dt^ \k + l 



m = ^^raUB) IIV'IIl^CR) = 1- 



Then the function 
satisfies 

2fc+2 

= A^fc+2^'(i), ||^'||i2(K) = 1. 

Take normal coordinates / : U{xi) C S ^ W^^^ on S defined in a neigh- 
borhood U{xi) of xi, where f{U{xi)) = B{0,r) is a ball in R"~^ centered 
at the origin and f{xi) = 0. Choose a function (p G C°°(-B(0,r)) such that 
d4> = wo,o- Write u;o,i = Sj=i '^^(•5) Note that 

^mm{B) = 
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Consider the function $ e C"^(5(0,r) x R) given by 



(5) t) = c^-^/2(n-i)^^^) 



'I cxp 

h 



V 



1 



J 



X exp — 



^{t), seB{0,r), teR, 



with some (3, where % G C^{B{0,r)) is a cut-off function, c is chosen in 
such a way that ||$||l2(5xM) = 1- 
Put 

(/ ( 1 fc+1 fc + 1 \ 

^(.)=c/.-/^/2("-i)x(.)exp(^-J^), 
$i(s,t) = E(s)*(i). 
Then we have 



= exp 



Next, we have 



h 



"1 E '^j(o)sj 



exp 



1 



A: + 1 



t'^+l^o,! - aiL^mm(5) 6^0,1 (0) 



fc+l 1 
Wmin(5)'=+2/l'=+2 



//'*'^$i(s,i). 



(d 1 fc+i fc+i \ 



is) 
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dSj 



\^ — « / I 111 *+! + 1 \ 

+ i/i^r^(s) (^^i*^+^u;K^)-«i'^min(5)-^/i^a;^(0)J , 



e 

where 

By a well-known property of normal coordinates, we have 9j5iQ™(0) = 0. So 
we get r^(0) = 0, and 

(6) 5r(^) = <5^" + o(|.n, r^(.) = o(|.|), .^0. 

We get 

'2k + 2 fP'W 



^ — ^ « / 1 III fc+i fc+i \ 



e 

where 



\^ — ^ / 1 III fc+i fc+i 



r+^W^ (s) - aiOJrain{B) '=+2 /l fc+2 ^^(0) 



k + l 
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Z( 7 I 1 ^ fc + 1 fc+ 1 

- - ^jiO))aiiOrain{B)-—^h—^u;j{0) 

j 

j ^ 

We have 

(7) iiisrs(s)ii = 



1 2m , 



1/2 



and, furthermore, 

pi TP pp. TP 

(8) \\\sr—{s)\\ = c2h^^'^-^\ \\\sr^-^{s)\\ = c3/i^("~2)^ 

We also have 

(9) \\t''+^^{t)\\ < C4h^, < Cs/iW. 
Since s = is a minimum of |wo,i(s)P) we have 

(10) |a;o,i(s)P - LOr^UBf = ^ - iu;,iO)f < Ce\s\ 
and 



^K.|A(0) = 2X:^(0).,(0)=0, 



that imphes 



(11) 



5^(u;,(s)-u;,(0))a;,(0) 



Using ©, dZD, dSD, ®, (HUD and (HH) and putting /3 = g^ipsj' o'^^ ^^^^i^^ 
get that 

, „ 2fc+2 6fc+8 

□ 

Given a and 6 such that Pwminl-B)^/^'^"^^) < a < b and some natural A^, 
choose some finite sequence {i^j}j=o,...,N such that 

a < fo < 1^1 < . . . < z^Af < ^• 
By Lemma l2.H for any m = 0, 1, . . . , A^, 



U^h-^ G [;,(2fc+2)/{fc+2)^^^(2fc+2)/(fe+2)^] 
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is an approximate eigenvalue of the operator H^: for some ^ C^{D) 

Using Theorem 11.11 with A'^^ = N independent of h, we complete the proof. 

□ 

Remark 2.1. Using the methods of the proof of Theorem 12.11 one can con- 
struct much more approximate eigenvalues of the operator on the interval 
[/j(2fe+2)/{fc+2)^^ /j(2fc+2)/{fc+2)5] ^i^j^ gQj^g ^ 5 g^^i^ that i>a;min(S)^/(''+^) < 

a < b. Applying then Theorem 11.11 with A'^;^ dependent on h, one can get 
the following theorem. 

Theorem 2.2. Under the assumptions of Theorem \2.1\ for any a and b 
such that 

uujmin{B)^ <a<b, 

there exist Hq > and C > such that, for any h G (0, Hq], the spectrum of 
in the interval 

2fc+2 2fc+2 

\h a, h k+2 b] 

2 

has at least [Ch 3(fc+2)] gaps. 

3. Concluding remarks 

1. Suppose that the operator satisfies the condition ([1]) with some eo > 
0, and the zero set of the magnetic field B is a smooth oriented hypersurface 
S. Moreover, assume that there are constants A: G N and C > such that 
for all X in a neighborhood of S we have: 

C-^d{x, S)'' < \B{x)\ < Cd{x, 5)^ . 

It is interesting to determine the bottom Xq{H^) of the spectrum of the 
operator in Lp'{M). By Theorem 2.1 in and Theorem 2.7 in jl4j , 
\q{H^) is asymptotically equal to the bottom \q{H^'^) of the spectrum of 
the operator H^'^ . From the construction of approximate eigenvalues of 
j^hfl gjven in Lemma l2.ll one can see that, in order to find \q{H^'^), it is 
natural to consider a self-adjoint second order differential operator P(v, w), 
v,w G in L^{W) given by 



P(v.w) = -^ + 



k + l 



and minimize the bottoms Ao(v, w) of the spectrum of the operator P(v, w) 
over V G M""-*^ and vi^ G K, where K = {a;o,i(s) : s G <S} is a compact subset 
ofM"-i\{0}. 
The identity 
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shows that, for determining the minimum of Ao(v, w) over v G M"^^ and 
w E K, it is sufficient to assume that v is parallel to w. For such v 
and w, we obtain P(v,w) = Q[a,j3) with a = ±|v|,/3 = |w|. By (jll), 
it follows that, for determining the minimum of Ao(a,/3) over a G M and 
/3 G {|c(;o,i(s)| : s G 5}, we should first minimize over /3, that is, take si G 5 
such that 

\^oa{si)\ = min{|a;o,i(s)| : s G 5}, 

and then, for the minimal /3, minimize over a. 

This observation provides some explanations of our construction of ap- 
proximate eigenvalues of the operator H^-'^ in Lemma 12. H in particular, of 
our choice for the exponent in ([5]). It also motivates us to formulate the 
following conjecture: 

Conjecture 3.1. Under current assumptions, for the bottom \q{H^) of the 
spectrum of the operator in L?'{M), we have 

2k+2 , 2 

lim/l Ao(i^ ) = i>Wmin(5)'=+2. 

Observe that a similar result was obtained by Pan and Kwek [18] for the 
bottom of the spectrum of the Neumann realization of the operator in 
a bounded domain in the case k = 1. 

2. In the setting of Section O one can assume that the function |a;o,i(2;)| 
has a non-degenerate minimum at some xi G S. In some sense this is the 
"miniwells case" analyzed in [20] in comparison with the "uniform case" 
analyzed in [21], which in this setting was studied in [3]. Then we can 
obtain a more precise information about gaps located near the bottom of 
the spectrum of H'^ (see some relevant calculations in [19] ). This will be 
discussed elsewhere. 

3. The similar results both like in Section [2] and like in the "miniwells 
case" mentioned in the previous remark can be obtained when bo ^ (for 
the "miniwells case", see some relevant results in |22]). We will consider 
these problems in a future publication (see [25]). 

References 

[1] J. Briining, S. Yu. Dobrokhotov and K. V. Pankrashkin. The spectral asymptotics 

of the two-dimensional Schrodinger operator with a strong magnetic field. 1. Russ. J. 

Math. Phys. 9 (2002), no. 1, 14-49; II. Russ. J. Math. Phys. 9 (2002), no. 4, 400-416 

(see also e-print version math-ph/0411012). 
[2] B. Helffer and Yu. A. Kordyukov, Semiclassical asymptotics and gaps in the spectra 

of periodic Schrodinger operators with magnetic wells, Trans. Amer. Math. Soc. 360 

(2008), 1681-1694. 

[3] B. Helffer and Yu. A. Kordyukov, The periodic magnetic Schrodinger operators: spec- 
tral gaps and tunneling effect, Preprint [math.SP / 0702776] to appear in Proc. Steklov 
Inst. Math. 

[4] B. Helffer and J. Sjostrand, Analyse semi-classique pour I'equation de Harper (avec 
application a I'equation de Schrodinger avec champ magnetique). Mem. Soc. Math. 
France (N.S.) 34 (1988) 



PERIODIC SCHRODINGER OPERATORS WITH HYPERSURFACE WELLS 15 



[5] B. Helffer and J. Sjostrand, Equation de Schrodinger avec champ magnetique et 
equation de Harper, In: Schrodinger operators (S0nderborg, 1988), Lecture Notes in 
Phys., 345 (Springer, Berlin, 1989), pp. 118-197. 

[6] R. Hempel and I. Herbst, Strong magnetic fields, Dirichlet boundaries, and spectral 
gaps. Commun. Math. Phys. 169 (1995), 237-259. 

[7] R. Hempel and O. Post, Spectral gaps for periodic elliptic operators with high con- 
trast: an overview, In: Progress in analysis, Vol. I, II (Berlin, 2001). (World Sci. 
Publishing, River Edge, NJ, 2003), pp. 577-587. 

[8] I. Herbst and S. Nakamura. Schrodinger operators with strong magnetic fields: quasi- 
periodicity of spectral orbits and topology. In: Differential operators and spectral 
theory, Amer. Math. Soc. Transl. Ser. 2, 189 (Amer. Math. Soc, Providence, RI, 
1999), pp. 105-123. 

[9] Yu. A. Kordyukov, Spectral gaps for periodic Schrodinger operators with strong mag- 
netic fields. Commun. Math. Phys. 253 (2005), 371-384. 

[10] Yu. A. Kordyukov, Somiclassical asymptotics and spectral gaps for periodic magnetic 
Schrodinger operators on covering manifolds, In: "C* -algebras and elliptic theory". 
Trends in Mathematics (Birkhauser, Basel, 2006), pp. 129 - 150. 

[11] Yu. A. Kordyukov, V. Mathai and M. Shubin, Equivalence of projections in semiclas- 
sical limit and a vanishing theorem for higher traces in /f-theory. J. Reine Angew. 
Math. 581 (2005), 193-236. 

[12] V. Mathai and M. Shubin, Semiclassical asymptotics and gaps in the spectra of 
magnetic Schrodinger operators. Geometriae Dedicata 91 (2002), 155-173. 

[13] S. Nakamura, Band spectrum for Schrodinger operators with strong periodic magnetic 
fields. In: Partial differential operators and mathematical physics (Holzhau, 1994), 
Operator Theory: Advances and Applications, vol. 78 (Birkhauser, Basel, 1995), pp. 
261-270. 

[14] B. Helffer and A. Mohamed, Semiclassical analysis for the ground state energy of a 

Schrodinger operator with magnetic wells. J. Fund. Anal. 138 (1996), 40-81. 
[15] B. Helffer and J. Nourrigat, Hypoellipticite maximale pour des operateurs polyndmes 

de champs de vecteurs, (Birkhauser, Boston, 1985) 
[16] B. Helffer and A. Mohamed, Caracterisation du spectre essentiel de I'operateur de 

Schrodinger avec un champ magnetique. Ann. Inst. Fourier 38 (1988), 95-112. 
[17] R. Montgomery, Hearing the zero locus of a magnetic field. Comm. Math. Phys. 168 

(1995), 651-675. 

[18] X-B. Pan and K-H. Kwek, Schrodinger operators with non-dcgcncratcly vanishing 
magnetic fields in bounded domains. Trans. Amer. Math. Soc. 354 (2002), 4201- 
4227. 

[19] B. Helffer, Introduction to semi-classical methods for the Schrodinger operator with 
magnetic fields. To appear in: Seminaires et Congres, Cours du CIMPA, SMF. 

[20] B. Helffer and J. Sjostrand, Puits multiples en mecanique semi-classique. V. Etude 
des minipuits. Current topics in partial differential equations (Kinokuniya, Tokyo, 
1986), pp. 133-186. 

[21] B. Helffer and J. Sjostrand, Puits multiples en mecanique scmi-classiquc. VI. Gas des 
puits sous-varietes. Ann. Inst. H. Poincare Phys. Theor. 46 (1987), 353-372. 

[22] B. Helffer and A. Morame, Magnetic bottles in connection with superconductivity. J. 
Fund. Anal. 185 (2001), 604-680. 

[23] B. Helffer and Yu. A. Kordyukov, Spectral gaps for periodic Schrodinger operators 
with hypersurface magnetic wells : Analysis near the bottom. In preparation. 



16 



B. HELFFER AND Y. A. KORDYUKOV 



Departement de Mathematiques, Batiment 425, Univ Paris-Sud et CNRS„ 
F-91405 Orsay Cedex, France 

E-mail address: Bernard.Helffer@math.u-psud.fr 

Institute of Mathematics, Russian Academy of Sciences, 112 Chernyshevsky 
STR., 450077 Ufa, Russia 

E-mail address: yiirikor@matem.anrb.ru 



